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A laser-boosted relativistic solid-density paraboloidal foil is known to efficiently reflect and focus
a counterpropagating laser pulse. Here we show that in the case of an ultrarelativistic counterpropa-
gating pulse, a high-energy and ultrahigh intensity reflected pulse can be more effectively generated
by a relatively slow and heavy foil than by a fast and light one. This counterintuitive result is
explained with the larger reflectivity of a heavy foil, which compensates for its lower relativistic
Doppler factor. Moreover, since the counterpropagating pulse is ultrarelativistic, the foil is abruptly
dispersed and only the first few cycles of the counterpropagating pulse are reflected. Our multi-
dimensional particle-in-cell simulations show that even few-cycle counterpropagating laser pulses
can be further shortened (both temporally and in the number of laser cycles) with pulse amplifi-
cation. A single few-cycle, multi-petawatt laser pulse with several joule of energy and with peak
intensity exceeding 1023 W/cm2 can be generated already employing next-generation high-power
laser systems. In addition, the carrier-envelope phase of the generated few-cycle pulse can be tuned
provided that the carrier-envelope phase of the initial counterpropagating pulse is controlled.
PACS numbers: 52.59.Ye, 52.38.-r, 52.65.Rr, 42.65.Re
A wide range of novel studies in nonlinear optics as
well as the major new regimes of extreme field physics
require laser pulses which simultaneously exhibit the
following three key features: few-cycle duration, high-
energy and ultrahigh intensity. Already in nonrelativistic
atomic physics, it has been demonstrated that quantum
processes can be controlled by manipulating the pulse
shape of few-cycle laser pulses [1]. In order to achieve
the same goal also in the ultrarelativistic regime and in
the realm of nonlinear QED, few-cycle laser pulses with
tunable carrier-envelope phase (CEP) are required with
peak intensities largely exceeding 1020 W/cm2 [2–4]. At
such high intensities, for example, the nonlinear Comp-
ton emission spectrum is expected to show pronounced
pulse-shape effects [5, 6].
Although next-generation 10-PW optical laser systems
are expected to generate laser pulses with 150-300 J
energy and 15-30 fs duration [4, 7] [full-width-at-half-
maximum (FWHM) of the pulse intensity], the limited
bandwidth renders the generation of few-cycle pulses
with multi-joule energy very challenging [8, 9]. Indeed,
the only laser system aiming at 1-PW power and few-
cycle duration is the Petawatt Field Synthesizer [10].
Several methods for further shortening and amplifying
laser pulses have been proposed, e.g., Raman [11, 12] and
Brillouin [13, 14] backscattering, interaction with plasma
waves [15, 16] and ionization induced self-compression ef-
fects [17, 18]. However, none of the pulses generated em-
ploying the above-mentioned methods simultaneously ex-
hibit few-cycle duration, multi-joule energy and ultrarel-
ativistic intensity. In fact, the initial intensity is bounded
to relatively moderate values and the generated pulses
are transversely and temporally modulated, which might
prevent their subsequent focusing to ultrarelativistic in-
tensities. In addition, the CEP control, which is crucial
for many applications, has not been demonstrated in any
of the above-mentioned methods.
In this Letter, we put forward the concept of a
laser-boosted solid-density paraboloidal relativistic “mir-
ror”, interacting with a superintense counterpropagat-
ing laser pulse, to generate a CEP tunable few-cycle
pulse with multi-joule energy and peak intensity exceed-
ing 1023 W/cm2. Contrary to intuition, it is found that
a heavy and therefore relatively slow “mirror” should
be employed to maximize the intensity and the energy
of the reflected pulse, since its larger reflectivity com-
pensates for the lower velocity. Furthermore, the short
duration of the reflected pulse is achieved by employ-
ing a superintense incident pulse, which abruptly dis-
perses the plasma mirror after only the first few cycles.
Multi-dimensional particle-in-cell (PIC) simulations in-
dicate both the feasibility of the presented setup by em-
ploying next-generation multi-PW laser systems and a
considerable shortening with amplification even for al-
ready few-cycle laser pulses.
In the proposed setup, a “driver” pulse with frequency
ω and (average) intensity Id accelerates a “mirror” to
relativistic velocities along the positive x direction and a
“reflected” pulse is generated in the collision of the mirror
with a counterpropagating “source” pulse, also with fre-
quency ω and with intensity Is. Here and below, the sub-
script s (d) and the upper (lower) sign refer to the source
(driver) pulse counterpropagating (copropagating) with
respect to the mirror, and T = 2π/ω (λ = cT ) is the laser
period (wavelength). Our aim here is to determine the
conditions for maximizing both the intensity and the en-
2ergy of the reflected pulse. In order to develop an analyt-
ical model, for the thin foil we employ the Dirac-δ density
profile n(x) = neℓδ(x) [19, 20], where ne and ℓ are the
foil density and thickness, respectively. If the foil moves
with velocity vx = βc > 0, its reflectivity is given by
Rs/d = ζ2s/d/(ζ2s/d +Γ2s/d) [20], where Γ2s/d = {1+ a2s/d −
ζ2s/d+[(1+a
2
s/d−ζ2s/d)2+4ζ2s/d]1/2}/2 and ζs/d ≡ ζ0/D±.
Here we have introduced the normalized (average) field
amplitude a2s/d ≡ Is/d/I∗ with I∗ ≡ m2eω2c3/4πe2, the
Doppler factors D± =
√
(1± β)/(1 ∓ β) R 1, and the
surface density ζ0 ≡ πneℓ/ncλ, with nc ≡ meω2/4πe2
being the critical density. Notice that for a linearly po-
larized (LP) pulse the peak intensity Iˆ is approximately
twice the intensity I, whereas they coincide for a circu-
larly polarized (CP) pulse. If both the source and the
driver pulse fields are ultrarelativistic (as/d ≫ 1), the re-
flectivity can be approximated as [20, 21]: Rs/d ≈ 1 if
ζs/d > as/d and Rs/d ≈ ζ2s/d/a2s/d if ζs/d < as/d, which
presents the reflectivity with accuracy better than 2% for
as/d > 50. Hence, the condition ζs/d > as/d has to be
fulfilled to secure Rs/d ≈ 1.
In our model the foil is initially at rest and it is ac-
celerated along the positive x direction by the driver
pulse. In order to determine the value of the Doppler
factor after the acceleration phase D+0 , we assume that
ζ0 > ad and thus Rd ≈ 1. The velocity of a foil accel-
erated by the radiation pressure [22] of the driver pulse
can be calculated analytically by employing the “light
sail” equation for a perfectly reflecting mirror [20, 21, 23]
and the result for D+0 is D
+
0 = 1 + Ed/ζ0, where Ed =
2πZme
∫
a2d(w) dw/Amp is the ‘effective’ energy of the
driver pulse. Here Z (A) is the ion atomic number
(weight) and a2d(w) = Id(w)/I
∗ is the field amplitude
as a function of the foil phase w = [t/T − x(t)/λ].
Since the foil undergoes a recoil due to the radiation
pressure of the source pulse, the Doppler factor D+ of
the foil at the maximum of the source pulse intensity is
smaller than D+0 . On this respect it is convenient to em-
ploy a sharp-rising, high-contrast source pulse, as those
generated with the plasma mirror technique [24, 25]. By
proceeding as for the calculation of D+0 , we obtain
D+ =
D+0
1 +D+0 Es/ζ0
=
ζ0(ζ0 + Ed)
ζ20 + Es(ζ0 + Ed)
, (1)
where Es = 2πZme
∫
a2s(w) dw/Amp which, for a sharp-
rising pulse, is the part of the source pulse energy be-
fore the source pulse intensity reaches its maximum (see
page 4 for details). Since we seek Rs ≈ 1, we require
ζs > as, which provides the constraint ζ0 > ζ0,m with
ζ0,m = as[1− ǫ+
√
(1 − ǫ)(1− ǫ+ 4Ed/as)]/2 , (2)
where ǫ ≡ Es/as accounts for the effect of the recoil. In
order to maximize the energy and the intensity of the re-
flected pulse at Rs ≈ 1 for fixed driver and source pulses,
we have to maximize the Doppler factorD+ as a function
of ζ0 with the condition ζ0 > ζ0,m. From Eq. (1), D
+(ζ0)
has a maximum at ζ∗0 = Ed
√Es/(
√Ed −
√Es) and mono-
tonically decreases for ζ0 > ζ
∗
0 . Assuming sufficiently
small recoil [ǫ < 1/2 and Ed > Es(1− ǫ)2/(1− 2ǫ)2], then
ζ0,m > ζ
∗
0 and the maximum D
+(ζ0) compatible with
ζ0 > ζ0,m is at ζ0,m, and it is D
+
m = ζ0,m/as.
Note that, for a flat foil and fixed driver and source
pulses, both the maximum intensity Ir = D
+4RsIs and
energy Er ≈ IrS∆ts/D+2 of the reflected pulse are
achieved at the minimum ζ0 such that ζs > as, i.e. at
ζ0,m. Here S is the surface area of the focal spot and
∆ts is the source pulse duration. In fact, for ζs < as
the reflectivity is Rs ≈ ζ2s /a2s thus Ir = D+2ζ20I∗ and
Er ≈ ζ20I∗S∆ts, which are monotonically increasing
functions of ζ0. The fact that there exists an optimal
value of the surface density has a simple physical inter-
pretation: for fixed driver and source pulses, if ζ0 is too
large, the foil slows down and the Doppler factor is small.
If ζ0 becomes too small, the velocity of the foil increases
and the reflectivity rapidly decreases because ζs tends
to vanish. Moreover, at ζ0,m the reflected pulse energy
D+2m IsS∆ts is a monotonically increasing function of Is.
If ǫ < 1/3 and Ed < as(1−ǫ)2(1−3ǫ)/4ǫ2, i.e. if the effect
of the recoil is sufficiently small, the maximum reflected
pulse intensity D+4m Is is also a monotonically increasing
function of Is. For fixed source pulse, the above condi-
tions account for the slowdown of the foil due to the re-
coil, which becomes increasingly important for increasing
foil velocity [see Eq. (1)]. In a three-dimensional (3D) ge-
ometry, a paraboloidal mirror can focus the source pulse
to its diffraction limit. Since the laser wavelength is
Doppler reduced in the rest frame of the foil, the reflected
pulse can be focused down to λ2/D+2 and the intensity
at the focus is Ir,f = D
+6RsIsS/λ2. If ζ0 > Ed, ǫ < 1/4
and Ed < 2as(1− ǫ)2(1− 4ǫ)/(1 + 2ǫ)2, the maximum of
the intensity at the focus Ir,f is achieved at ζ0,m and it is
an increasing function Is. In other cases, the maximum of
Ir,f can be a decreasing function of Is or the maximum
of Ir,f can be achieved at Rs < 1. However, in these
cases a higher intensity at the focus is achieved at the
expense of a lower reflected pulse power Pr = D
+4RsIsS
and energy Er ≈ D+2RsIsS∆ts.
For simplicity, we first consider a driver and source
pulse with one-cycle sin2-function rise and fall, and with
a five-cycle constant plateau. Figure 1 reports the maxi-
mum reflected pulse amplitude
√
D+4RsIs/I∗ as a func-
tion of ζ0 for ad = 130 and for as = 130, 100, 80. In
each case the reflected pulse amplitude initially increases
for increasing ζ0, reaches its maximum at Rs ≈ 1, and
then decreases as the Doppler factor decreases. The three
triangles in Fig. 1 are centered at (ζ0,m,
√
D+4m Is/I∗)
and their position coincides with the maximum of the
reflected pulse amplitude, confirming our analytical esti-
mates. Since in all cases Ed < as(1− ǫ)2(1− 3ǫ)/4ǫ2, the
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FIG. 1. (color online). The maximum amplitude of the re-
flected pulse
√
D+4RsIs/I∗ as a function of ζ0 for ad = 130
and as = 130 (solid red line), as = 100 (dashed blue line) and
as = 80 (dotted black line). See the text for further details.
maximum reflected amplitude rises for increasing Is (see
Fig. 1). The results of one-dimensional (1D) PIC sim-
ulations with CP driver and the source pulses are also
reported in Fig. 1 (colored circles), the foil being a slab
of fully ionized carbon with ne = 400nc. The spatial res-
olution is λ/4000 and the number of particles per cell per
species 1000. Our PIC simulation results agree with the
model predictions at ζ0 > ζ0,m, i.e. at Rs ≈ 1.
In a multidimensional geometry, the onset of trans-
verse Rayleigh-Taylor-like (RT) [22] instabilities ren-
ders the foil ‘porous’ to the source pulse. RT in-
stabilities in the radiation pressure acceleration regime
have been investigated analytically [26, 27], numeri-
cally [26–28] and experimentally [29]. In particular, in
Refs. [26, 27] it was shown that in the linear approx-
imation the RT instability grows as exp[Φd(w)] with
Φd(w) =
∫ w
0
2π[Zmea
2
d(u)λ/Ampζ0λRT ]
1/2du where λRT
is the wavelength of the perturbation. Our simulations
indicate that in order to effectively reflect the source
pulse, Φd(w) . 5.7 for λRT ≈ λ [29], which can be ful-
filled by increasing the value of ζ0 > ζ0,m.
In our two-dimensional (2D) PIC simulations both the
driver and the source pulse have a sin2-function tempo-
ral field profile with 15.5 fs duration (FWHM of the
intensity), Gaussian transverse profile and wavelength
λ = 800 nm. The driver (source) pulse is CP (LP
with the electric field along the y axis) with intensity
Id ≈ 3.4×1022 W/cm2 (Is ≈ 5.6×1022 W/cm2) and spot
radius σd = 3.8λ (σs = 1.2λ), corresponding to a power
Pd ≈ 9.9 PW (Ps ≈ 1.6 PW). These parameters are en-
visaged at the APOLLON laser system [4, 7, 30]. The
foil consists of fully ionized carbon with electron density
ne = 400nc and it is initially shaped transversely with
a thickness distribution ℓ = max[ℓ1, ℓ0exp(−y2/2σ2f )],
with ℓ1 = 0.02λ, ℓ0 = 0.20λ, σf = 2.6λ and local-
ized at x = 5λ. Note that the properties of such car-
bon foils can be engineered with high precision nowa-
days [31, 32]. It has been shown that Gaussian pulses
and shaped foils can be employed to generate collimated
ion beams [33, 34]. Here we propose to use shaped foils
to generate paraboloidal relativistic mirrors. Indeed, for
σd >
√
2σf the acceleration factor a
2
d(y)/ζ0(y) [33] is
larger in the outer part of the foil, which therefore takes
a focusing profile for the source pulse. Since for many
applications slow focusing and defocusing are desirable,
we have set σd ≈
√
2σf so the relativistic mirror is nearly
flat before interacting with the source pulse (see Fig. 2).
The size of the computational box is 20λ(x)×20λ(y), the
corresponding grid is 20000(x)× 8000(y) and 900 parti-
cles per cell for each species are used.
Figure 2 displays the evolution of the square root of
the energy density u =
√
(E2 +B2)/2 and of the elec-
tron density distribution ne. The driver (source) pulse
reaches the edge of the foil at t ≈ 0 (10T ). An ac-
curate synchronization between two laser pulses can be
achieved, e.g., by generating the two pulses from the same
seed pulse before the amplification stage. Although in-
stabilities have developed (Φd ≈ 4.7 with our parame-
ters) and density fluctuations are clearly visible before
the source pulse impinges on the foil, the foil remains
sufficiently compact to reflect the first part of the source
pulse (see Fig. 2 at t ≤ 16T and the Supplemental Ma-
terial [URL] for a movie of the laser-foil interaction). As
the source pulse amplitude at the foil position increases,
the source pulse ‘digs through’ the lower-density regions
and abruptly disperses the foil, which becomes transpar-
ent to the remaining part of the pulse (see Fig. 2 from
t = 16T to t = 18T ). Finally, at t = 22T a single few-
cycle reflected pulse separated from the foil remnants is
observed. The peak intensity and peak power of the re-
flected pulse are: Iˆr ≈ 2.3× 1023 W/cm2 (for the source
pulse Iˆs ≈ 9.6 × 1022 W/cm2), and Pˆr ≈ 2.2 PW, with
5.8 fs duration and 6.8 J energy [see Fig. 3(c)]. Fig-
ure 3(a) displays the y component of the electric field of
the reflected pulse along the central axis for the case of
zero (solid, black line) and π/2 (dotted, red line) CEP of
the source pulse showing that the reflected pulse inherits
the CEP of the source pulse. Inclusion of radiation re-
action (RR) effects, according to Refs. [35, 36], does not
significantly alter the reflected pulse [see Fig. 3(b)]. Our
explanation is that when the reflected pulse is generated,
the foil density is still high and the fields inside the foil are
much smaller than in vacuum [35]. Moreover, we ensured
that the probability of electron-positron pair production
remains negligible. The influence of a randomly dis-
tributed preplasma on the front surface of the foil is also
considered in Fig. 3(b) (dashed, red line). The preplasma
thickness corresponds to 10% of the foil thickness and its
average density is ne/2. The presence of the preplasma
reduces the peak intensity, peak power and energy of the
reflected pulse to Iˆr ≈ 1.8 × 1023 W/cm2, Pˆr ≈ 2.0 PW
and 5.8 J, respectively. This can be explained by the
increased electron heating due to the enhanced penetra-
tion of the driver pulse into the preplasma. The modu-
lus of the Fourier transform of the y component of the
electric field along the central axis |Er,y(kx)|, where kx
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FIG. 2. (color online). Snapshots of u =
√
(E2 +B2)/2 (first row) and ne (second row) in normalized units, see the text for
details.
denotes the wave number and k ≡ 2π/λ, is reported in
Fig. 3(d) (solid, black line) showing that the reflected
pulse is chirped and peaked at λr ≈ 593 nm. For compar-
ison, the spectra of two Gaussian pulses with the same
wavelength and with two (dotted, red line) and three
(dashed, blue line) cycles FWHM of the field profile are
also reported [see Fig. 3(d)].
In order to account for the slowly-rising profile of the
source pulse and estimate the wavelength λr and peak
intensity Iˆr of the reflected pulse, we approximate the
sin2-function field profile with a linearly rising profile
b0w/N . Here N is the number of cycles before the
source pulse maximum and b0 = 3as/2
√
2 so the source
pulse and its linear profile approximation have the same
duration and energy before their maximum. Assuming
Rs ≈ 1, the maximum reflected intensity is achieved at
min[N, wˆ] with wˆ = [4AmpN
2ζ0/15πZmeD
+
0 a
2
s]
1/3. For
a slowly-rising profile wˆ ≤ N , thus Eˆs(wˆ) = ζ0/5D+0
which does not depend on the source pulse parameters.
Hence, from Eq. (1) we get Dˆ+(wˆ) = 5D+0 /6. By insert-
ing our numerical parameters we obtain: λr ≈ 656 nm
and Iˆr ≈ 1.2× 1023 W/cm2 for the linearly rising profile,
and λr ≈ 593 nm and Iˆr ≈ 1.4 × 1023 W/cm2 for the
more realistic sin2-function profile. While λr is in good
agreement with the 2D simulation results, Iˆr is underes-
timated because, by definition, the 1D model does not
include focusing effects. Indeed, our simulations show
that increasing the ratio σd/σf by reducing σf from 2.6λ
to 2.4λ improves the focusing and further enhances Iˆr
from 2.3 × 1023 W/cm2 to 2.8 × 1023 W/cm2. In addi-
tion, higher intensities are expected in a fully 3D geome-
try where, in contrast to 2D simulations, the source pulse
is focused also along the z axis. We also mention that
increasing Ps/d by doubling σ
2
s/d and σ
2
f with the other
parameters as reported on page 3 enhances Pˆr to 3 PW
but reduces the intensity enhancement Iˆr/Iˆs from 2.4 to
1.8 because the pulse focusing decreases.
Finally, we stress that even a few-cycle source pulse
can be further shortened and amplified. Indeed, by
employing a ℓ0 = 0.17λ, σf = 2.1λ shaped foil and
a driver (source) pulse with 15.5 fs (5.8 fs) duration,
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FIG. 3. (color online). Panel (a): Er,y along the central
axis for zero (solid, black line) and pi/2 (dotted, red line)
CEP of the source pulse. Panel (b): Er,y with RR effects
(solid, black line) and with a preplasma on the front surface
of the foil (dashed, red line). Panel (c): Power contained
in a spot with 1λ radius centered on the axis. Panel (d):
|Er,y(kx)| (solid, black line) and the corresponding quantity
for a Gaussian pulse with two (dotted, red line) and three
(dashed, blue line) cycles FWHM of the field profile. The
inset shows a zoom of the main peak region.
Id ≈ 5.1 × 1022 W/cm2 (Is ≈ 5 × 1022 W/cm2) inten-
sity and σd = 3.1λ (σs = 1λ) radius [corresponding to a
driver (source) power Pd ≈ 9.9 PW (Ps ≈ 1 PW)], a sin-
gle 1.5 cycles (2.1 fs duration), 2 J energy, Pˆr ≈ 1.8 PW
and Iˆr ≈ 1.4 × 1023 W/cm2 reflected pulse is gener-
ated (Iˆs ≈ 7 × 1022 W/cm2). Moreover, in contrast
to the previous case of a relatively long source pulse,
a 2.7 fs duration, 1.3 J energy 1 PW peak power and
4.7 × 1022 W/cm2 peak intensity transmitted pulse is
also generated (see the movies in the Supplemental Mate-
rial [URL]). Similar parameters for the driver and source
pulses are envisaged at the Extreme Light Infrastruc-
ture [4, 37].
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